Abstract-We derive coupled-mode rate equations for coupled-cavity lasers using a new approach. The method, based on the MittagLeffler theorem, is exact. We compare the coupling coefficients to those derived by several different approximations.
I. INTRODUCTION N THE world of semiconductor lasers, coupled-cavity I lasers are of interest for two reasons. First, intentionally coupled lasers have been demonstrated to exhibit single-longitudinal-mode oscillation under small-signal modulation, FM modulation capabilities, and bistable operation [ 11, [2] . Second, a coupled-cavity laser makes a good model for a laser system in which there is optical feedback. For example, if the laser output is being coupled into an optical fiber, any stray reflection back into the laser constitutes a second cavity.
The problem of analyzing the modes and/or dynamic response of a coupled-cavity laser generally boils down to developing a time-domain description of the optical field, e.g., a set of rate equations. The rate equation for the inversion, since it depends only upon the optical intensity and not the phase, is far easier to obtain. Over the years, several techniques have been developed to produce a set of optical rate equations. Generally, they are based on modal expansions in terms of either the longitudinal modes of the composite resonator (composite resonator theory) or in terms of the modes of the individual cavities (coupled-mode theory).
Composite resonator theories have the advantage of minimizing the number of variables necessary to describe the optical field. Indeed, for a coupled-cavity laser running in a single longitudinal mode, only a single variable is needed-the complex amplitude of the composite cavity mode. The simplicity inherent in such a treatment has led to relatively simple analytic expressions for the dynamic response and noise properties of coupled-cavity lasers [3] . The drawback to composite resonator theory is that one must solve the dispersion relations (and in some cases, solve for the complete fields) in steady state before a set of rate equations can be formulated. 
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On the other hand, coupled-mode theory-based on an expansion of the field in eigenmodes of the individual laser cavities-increases the number of variables necessary to describe the optical field, but yields a more intuitive description of the field. If multiple longitudinal modes of the system are present, the number of variables is less attractive in a composite resonator theory (in which a new variable for each resonator mode is required). Early coupled-mode treatments [4] required lossless cavities and lossless couplings, conditions that are hardly met in current applications. More recently, Marcuse [5], [6] developed a coupled-mode description in terms of arbitrary cavities; he allowed for the selection of arbitrary boundary conditions on the fields chosen as the individual cavity modes to allow for matching the individual cavity modes to the composite cavity modes.
Unfortunately, the coefficients that appeared in the general coupled-mode description depended upon overlap integrals between the individual cavity modes and the composite cavity modes. In fact, each coupling coefficient was a sum of several such overlap integrals. Thus, it became necessary, again, to solve for the composite cavity modes in steady state to formulate a time-domain set of equations for the optical field.
It is not necessary, however, to solve for compositecavity fields to formulate a coupled-mode theory of coupled resonators. In fact, it is not even necessary to make any approximations to formulate the theory. To actually use coupled-mode theory, it is necessary to truncate the set of modes to some finite number and invoke the adiabatic approximation that the equations are valid for timevarying gain. In this paper, we derive a set of exact coupled-mode equations for a general system of two lasers; we apply the theory to the most common geometry of coupled-cavity laser, that of two axially coupled cavities, and we compare the results to those of existing theories.
GENERAL THEORY
Before we proceed, one caveat is in order; all rate equation descriptions of the optical field have implicitly made an assumption that the instantaneous value of the carrier density (or equivalently, gain, or Fermi level) determines the evolution of the field. Because this approximation assumes that the optical field adiabatically follows the characteristics of the resonator, we refer to it as "the adiabatic approximation. " It is definitely an approximation; the 0018-9197/88/0100-0066$01 .OO O 1988 IEEE vector wave equation, from which all rate equations must ultimately proceed, is
where P is the induced polarization and includes the effects of laser gain. Clearly, (1) and any system derived from it contain time derivatives of the gain. Those time derivatives are almost always neglected, frequently without comment.
One reason the approximation is rarely noted is that in most cases of interest (e.g. , semiconductor lasers), it is a very good one. One can easily estimate the size of the incurred error [7] ; typically, it scales with the ratio between the frequencies at which the gain fluctuates and the optical frequency, a ratio that is usually vanishingly small. And, of course, if the gain remains fixed, there is no approximation at all. We point this out because our coupled mode equations, like all others, are exact only for fixed gain. By invoking the adiabatic approximation, however, they can be used for time-varying gain distributions as well. Thus, they may be used to analyze coupled-cavity laser dynamics.
We take the field to be represented by a complex scalar amplitude F and the polarization to be characterized by a fixed complex dielectric constant E,. The wave equation becomes
We choose the time factor exp ( j u t ) and Fourier transform equation (2) . An operator a / a t becomes an algebraic multiplier j w , and transformed variables are denoted by a tilde. The wave equation becomes a Helmholtz equation,
C Consider now a one-dimensional resonator oriented along the z axis with one boundary at z = 0, one at z = L, and a traveling wave E") ( U ) eJkz incident from the right (Fig.  1 ). In general, there will be a reflected wave E ' " ) ( w ) e-Jkz. The relation between the two can be written
for some function R ( U ) . Formally, this is equivalent to the boundary-value problem consisting of (3) and the boundary conditions The field amplitudes shown are the complex traveling-wave amplitudes.
In general, R will be complex and analytic. If we require that R goes to infinity-that is, that we get an output field with no input-then we have a laser, and the roots to the equation 1 / R ( w ) = 0 define the lasing frequencies.
Derivation of the coupled-mode rate equations for a given resonator depends upon the analytic properties of the function R ( w ) . It is remarkably simple, however, if R ( U ) satisfies several criteria.
1) The only singularities of R ( U ) must be simple poles at a set of finite values denoted by { U , } . Their residues are denoted by { p , } for n = 1, 2,
2) The poles are numbered in order from an analytic point wo such that 0 < I w 1 -wo I < 1 w2 -W O 1 < * .
3) The function R ( w ) is bounded for all w # U,.
4) A set of closed contours { C,} can be chosen such that C, encloses the points w1 U,; the minimum distance R, of C, from wo tends to infinity as n + 00, while the length L, of C, is 0 (R, ). If these conditions are satisfied, then the Mittag-Leffler theorem [8] allows us to write the function R ( w ) as follows:
The sum in [7] converges uniformly for all w # U,. Furthermore, if the series E :
we can write
We define a set of variables {I?:"} such that so that yields the relation = Er==, E?). A bit of algebraic manipulation jwE;lp) = j,,,???) + jpnE(').
(10)
We now invert the Fourier transform to get the set of equations
Equations (1la)-(llb) are a set of rate equations for field amplitudes in a laser cavity in the presence of an input field. Equation (1 lb) resembles a single-mode rate equation with driving field, and it is therefore tempting to interpret E?' ( t ) as the amplitude of the nth longitudinal (spatial) mode. While there is a spatial field distribution associated with each amplitude E?), if E ( ' ) ( w ) # 0 for some w # U,, the distribution is not generally that of a longitudinal mode which, by definition, is a solution to (3) with homogeneous boundary conditions. This result should not be surprising. The modes of an isolated resonator do not form a complete set when an external field is present [ 111. The fields F,, ( z ) associated with the amplitudes I??) ( U ) do, and therefore they are the "modes" we must use. The longitudinal modes may be taken as approximations to the true fields F,(z); an example is discussed in Appendix A.
Withal, the field is completely determined by the amplitudes ,???) that evolve according to (1 la)-( 1 lb). We
may use these equations to analyze a coupled-cavity laser by letting the input E") of one laser be the output E(') of the other and vice versa. Before doing that, we must calculate R ( U ) and its analytic properties.
A ONE-DIMENSIONAL CAVITY
We calculate the reflectivity function R ( U ) for the cavity illustrated in Fig. 1 . It is of length L and is assumed to be filled with a gain medium of index p that may be complex to accommodate gain and/or loss. One mirror has reflectivity ro; the other, through which coupling takes place, is characterized by its reflection coefficients rl r2, and transmission coefficients tZ1 t I 2 . The traveling-wave amplitudes outside the cavity are given by and E(');
inside the cavity, we denote them by Inspection of Fig. 1 yields the following relations between the traveling-wave amplitudes:
and E('). Thus, all of the residues are equal.
We make a distinction here between the integer n and the integer N. Condition (2) for the validity of the MittagLeffler theorem required that the poles be ordered in distance from the analytic point wo7 and that they be assigned the index n = 1 , 2 , 3 -* * . On the other hand, N can take on values from -03 to + 03. To preserve the ordering, we must order the values of N in distance from a given value. An example will make this clear. If we begin at a point in the interval N E ( 0 , 1/2), then for n = 1, 2, 3, 4, 5, to determine the order of the terms in each summation. This choice of ordering assures us that the summations in (8a)-(8b) are conditionally convergent (they are not absolutely convergent). Now let us evaluate the summation in (8b). We choose * * , we take N = 0, 1, -1, 2, -2, -(which corresponds to the choice of N in the example above). The summation becomes
IV. Two AXIALLY COUPLED CAVITIES To compose a set of coupled-mode equations for two coupled cavities, we must take the two-cavity system and split it into two "virtual" cavities, as illustrated in Fig.  2 . We label the two cavities by a and b. Parameters of the two cavities will be labeled by a subscript; fields will be labeled by a superscript in parentheses. The coupling between the cavities will be characterized by transmission and reflection coefficients tab, tb, and r,,, rbb.
Our coupled-mode theory requires that in the absence of an input field, each cavity is an independent resonator with transmission and reflection coefficients tIza, t 2 l a , rl l a , rZ2, for cavity a and a similar set for cavity b. We partition the transmission and reflection coefficients of the coupled cavity between the two virtual cavities as follows:
with similar relations (with a and b reversed) for the other cavity. Using these definitions in (15) and (17), we find that
If we use values in (llb), with
we get the familiar coupled-mode equations for coupledcavity lasers. However, there is an additional equation-(1 la)-that is not in the form of a rate equation, and that has not appeared in traditional coupled-mode treatments. While E:) is the amplitude of the nth longitudinal "mode" of one of the cavities, E r ) is nothing of the sort; it is the frequency-independent reflection of the incident field. Its effect is to change the apparent values of the coupling coefficients. We write (1 la) for each of the two cavities:
We can eliminate E r ) and Ebb' from the coupled-mode equations (1 1 b) by using [from (23a)-(23b)] scattering parameters r,,, r,,, t,,, and tbb. (b) The same system, split into two "virtual" cavities.
and its companion relation with a and b reversed. Thus, if we define self coupling-coefficients K ,~, Khb, and crosscoupling coefficients Kabr Kba, we can write a set of coupled-mode rate equations involving only the longitudinal modes. They are For a lossless coupling, K is real and positive. For lossy couplings-for example, the coupling provided by an air gap of a small number of half wavelengths-K can become purely negative and of magnitude greater than or equal to 4 [9], [lo] .
If K approaches -4, the coupling coefficients diverge.
This phenomenon has no physical basis; such a laser will remain well behaved. As we will show in Appendix B, the divergence occurs because the individual cavity modes become overcomplete as a description of the coupled system, in which case there is no exact, nonsingular representation of the coupled system in individual cavity modes.
The value of the cross-coupling coefficients will vary with chosen field normalization. For example, if we define E?' as the traveling-wave amplitude (as we have done here), the cross-coupling coefficients will be different from what we would find if we defined 1 E?) as the total en-ergy in the field (as was done in [5] and [6] ). Since the field normalization depends on the partitioning of the transmission coefficients in (21), that, too, can change the coefficients and the product of the cross-coupling coefficients are independent of field normalization. In the comparisons that follow, all of the coefficients have been adjusted to have the same field normalization.
In Fig. 3 , for a system of two identical cavities with a lossless coupling, we plot I Kab 1 as derived from heuristic This result is also in agreement with the reported results from the overlap-integral treatment. (The heuristic formulas were derived under the explicit assumption that the coupling was lossless; they should not be applied to the tudes of the self-coupling coefficients from local field theory along with the exact results. The figures illustrate that the coefficients derived from all four approaches are generally within a factor of 2 or so of each other. Considering that other approximations case of a lossy coupling.) In Fig. 4 , we plot the magni- or greater toll on quantitative accuracy, it may not make much difference which formulas are used. However, sipce this derivation is simple, analytical-and exact-we think it is preferable. The method can be generalized to higher dimensional problems. independent of w and stationary in time; and of course, it is then the nth longitudinal mode of the isolated resonator.
We will perform this expansion for the laser of APPENDIX B As K approaches -4, or equivalently, POaPOb approaches 1, the coupling coefficients diverge. To analyze this situation, we must examine the coupled structure within a composite-cavity representation.
To do this systematically, we introduce a fictitious directional coupler into the system of virtual cavities, as illustrated in Fig. 5 . The coupler passes light from one laser to the other unchanged, but it allows us to inject a signal E(') and extract a probe E'"), permitting application of the formalism of Section 11.
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